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Abstract 

We search for realistic supersymmetric standard-like models from SO{32) heterotic string 
theory on factorizable tori with multiple magnetic fluxes. Three chiral ganerations of quarks 
and leptons are derived from the adjoint and vector representations of SO{12) gauge groups 
embedded in SO{32) adjoint representation. Massless spectra of our models also include 
Higgs helds, which have desired Yukawa couplings to quarks and leptons at the tree-level. 
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1 Introduction 


Superstring theory is a good candidate for the unihed theory of the gauge and gravitational 
interactions, and quark, lepton and Higgs helds. Indeed, there have been several approaches to 
derive the realistic string vacua by comparing the theoretical predictions with the data of the 
cosmological observations as well as the collider experiments which are known as the subjects 
of string cosmology and phenomenology. 

Beginning with the work of Ref. pQ, there are much progresses to hnd the standard-like 
models from the x heterotic string theory instead of the S'O(32) heterotic string theory. 
(See for a review, e.g. [2].) This is because E^ gauge group involves several candidates of the 
grand unihed groups such as Eq, S'O(IO) and SU{5) as the subgroups of Eg and the Eq adjoint 
representation includes matter representations such as 27 of Eq, 16 of S'O(IO) and 10 and 5 of 
SU{5). However, in S'O(32) heterotic string theory, for example, the 16 spinor representation 
of S'O(IO) is not involved in the adjoint representation of S'0(32). (In the framework of toroidal 
Zn orbifold, there are some possibilities to obtain the spinor representation of SO groups as 
discussed in Ref. [3].) Therefore, as one of the procedures to hnd the realistic string vacua, 
we try to derive the (non-)supersymmetric standard-like models from the S'O(32) heterotic 
string theory without going through the grand unihed groups. This approach might be useful 
to search for the realistic standard model, because the standard-like model given through the 
decomposition of GUT groups have the extra matters which should be decoupled from the 
low-energy dynamics in terms of some non-trivial mechanisms. 

The standard model is a chiral theory. Thus, the key point to realize the standard model is 
how to realize a chiral theory. Toroidal compactihcation is simple, but it can not realize a chiral 
theory unless introducing additional backgrounds. Orbifold and Calabi-Yau compactihcations 
can lead to a chiral theory. Toroidal compactihcation with magnetic huxes can also lead to 
a chiral theory. Here, we study such a background. That is, our key ingredients are the 
multiple U{1) magnetic huxes inserted into S'0(32) gauge group. These magnetic huxes are 
hrst discussed in Ref. [T], where the SU{5) grand unihed groups can be realized from the S'O(32) 
heterotic string theory. Furthermore, there are much progresses on the resolved toroidal orbifold 
in |1] and on more general Calabi-Yau manifolds for Eg x Ug and/or S'0(32) heterotic string 
theory via the spectral cover construction [5] and the extension of it [6] ( see e.g.. Refs. 0)0 

In this paper, we study S'O(32) heterotic string theory on six-dimensional (6D) torus with 
magnetic huxes, which is one of the simplest compactihcations leading to a chiral theory. Then, 
we search the models, where the unbroken gauge group includes SU{3) x SU{2) x f/(l)y and 
massless spectra correspond to three chiral generations of quarks and leptons. 

The paper is organized as follows. In Sec. [21 we show our set-up and typical theoretical 
constraints which are required from the consistency of heterotic string theory. For example, 
in the standard embedding scenario of the Calabi-Yau compachtication, the internal gauge 
backgrounds are set to be equal to spin connections of the Calabi-Yau manifolds. On the other 
hand, in the non-standard embedding scenario, the gauge helds are not always identihed as 
the spin connections of the internal manifold due to the existence of the huxes. We discuss 

^Also the low-energy massless spectra were studied within the ten-dimensional Es x Es theory on torus with 
magnetic fluxes from the field-theoretical viewpoint [8]. 
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the consistency conditions for snch flnxes on 6D torns in Sec. 12.11 In addition, the U{1)y 
gange boson shonld be massless, even if the consistent flnxes are inserted into S'0(32) gange 
gronps in order to derive the standard-like model gange gronps. Generically, U{1) gange bosons 
appeared in the low-energy effective theory conple to the nniversal and Kahler axions throngh 
the ten-dimensional (lOD) Green-Schwarz term [9] which implies that the linear combination 
of U{1) gange bosons may absorb these axions by their Stneckelberg conplings and become 
massive. Thns the axionic conplings of U{1)y gauge boson shonld be absent, otherwise U{1)y 
gange boson wonld become massive as discnssed in Sec. 12.21 In addition to the merits of 
gange symmetry breaking, the flnxes are important tools to realize the degenerate zero-modes, 
i.e., three generations of the elementary particles. In fact, in Sec. 12.3[ the chiral theory with 
degenerate zero-modes can be obtained from the considerations of zero-mode wavefnnctions on 
tori. At the same time, the existence of four-dimensional (4D) M = 1 supersymmetry (SUSY) 
depends on the ansatz of U{1) fluxes due to the flux-induced Fayet-Iliopoulos terms. 

In Sec. 13.11 we discuss the concrete embeddings of the standard model gauge groups into 
SO{32) gauge group in terms of the multiple U{1) fluxes. The correct matter contents of the 
standard model are then derived from the adjoint and vector representations of 50(12) given 
by the subgroup of 50(32). Since the number of generations corresponds to the number of 0(1) 
fluxes, we search for the desired matter contents of the standard model satisfying the 0(l)y 
massless conditions as well as the SUSY conditions as can be seen in Sec. 13.21 In Sec. 13. 3 ( we 
further constrain the models by imposing the so-called K theory constraints. Finally, Sec. IHis 
devoted to the conclusion. The normalization of 50(32) generators and useful trace identities 
of 50(32) gauge group are summarized in Appendices and [HI respectively. 


2 SO{32) heterotic string theory on tori with U{1) mag¬ 

netic fluxes 


2.1 Low-energy description of 50(32) heterotic string theory 

We briefly review the 50(32) heterotic string theory on a general complex manifold with 
multiple 0(1) magnetic fluxes. The notation is based on Refs, [ini [HI [12]. The low-energy 
effective action of 50(32) heterotic string theory is given by 


5bos = 


3—2<j!>io 


2^10 7m(10) 

1 r 


R 4:d(j)io A *d(j)io — —H A *H 


25'io JAr(io) 


g-2<Aiotr(F a>kF), 


( 1 ) 


which is the bosonic part of the action at the string frame in the notation of [lO]. The gravi¬ 
tational and Yang-Mills couplings are set by 2 k^q = (27r)’^(Q! )"‘ and qIq = 2(27r)’^(a )^ and 3io 
denotes the ten-dimensional dilaton. Here the held-strength of 50(32) gauge groups F has 
the index of vector-representation. In what follows, “tr” and “Tr” represent for the trace in 
the vector and adjoint representation of the 50(32) gauge group, respectively. In addition, H 
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denotes the heterotic three-form held strength dehned by 

/ 

H = - ^{wym - wl), (2) 

where wym and wl are the gauge and gravitational Chern-Simons three-forms, respectively. 
From the action given by Eq. o. the kinetic term of the B-£eld is extracted as 

^kin + ^wz = - jV / ^ E 

4^10 JmCIO) ^ Jva 

= -tV / ^ E ^ (3) 

4^10 JmCio) ^ Jm(10) 

where we add the Wess-Zumino term which describes the magnetic sources for the Kalb-Ramond 
held Such sources correspond to the non-perturbative objects, i.e., the stacks of Na 

hve-branes which wrap the holomorphic two-cycles Fa and their tensions are given by T 5 = 
((27r)^(a )^)“^. Here, 5(Fa) denote the Poincare dual four-form of the two-cycles Fq. 

By employing the ten-dimensional Hodge duality, the Kalb-Ramond two-form and 

six-form B^^^ are related as 




(4) 


and then the kinetic term of Kalb-Ramond held and Wess-Zumino term ([2]) are rewritten as 

^kin + ^wz = -tV / A 

4^10 Jm(io) 

+ ^ / a I trF^ _trR2 _4(2vr)2 ViV,5(F„) I , (5) 

JVf(lO) y a J 

where Na = ±1 represent for the contributions of heterotic and anti-heterotic hve-brane, re¬ 
spectively. The equation of motion of leads to the following tadpole condition of the NS-NS 
huxes in the presence of hve-branes. 





4(27r)2^W5(ra) 


0 , 


( 6 ) 


in cohomology and where F stand for the gauge held strengths of the internal gauge helds 
whose gauge groups are embedded in S'O(32). When the extra-dimension is compactihed on 
the hat space such as three 2 -tori, (T^)i x (T ^)2 x (T^) 3 , the tadpole cancellation requires the 
following consistency conditions. 




trR2_4(2vr)2^W5(ra) = 0, 


(7) 
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which should be satisfied on (T^)j x {T‘^)j with i ^ j, i,j = 1,2,3. Thus if the nonvanishing 
fluxes are not canceled by themselves, the non-perturbative objects would contribute to the 
cancellation of anomalies. It suggests that the modular invariance of heterotic string theory is 
recovered by the existence of these non-perturbative objects [mill] which can be also realized 
in the framework of heterotic orbifold [I5] . [§ 


2.2 Generalized Green-Schwarz mechanism 

In addition to the consistency condition as discussed in Sec. 12.11 it must be ensured that our 
models do not have gauge and gravitational anomalies. In heterotic string theory, it is known 
that some gauge and gravitational anomalies are canceled by considering the following one-loop 
Green-Schwarz term at the string frame [9], 


Sgs — 


24(27r)5a' 


5(2) A Xg, 


( 8 ) 


whose normalization factor is determined by the S-dual type I theory as shown in Appendix of 
[IB] and the eight-form Xg reads, 

Xg = —TrF^-^(TrF2)2 - —(TrF^irtri?^) + Itri?^ + (9) 

Although the gauge and gravitational anomalies for the non-Abelian gauge groups are can¬ 
celed by the above Green-Schwarz term ([8]) and the tadpole condition (|6]) as shown in Ref. |T], 
the anomalies relevant to the multiple Abelian gauge groups, which appear in low-energy ef¬ 
fective theory, can be also canceled by same Green-Schwarz mechanism, for more details see 
Refs. m- In fact, since we derive just the three-generation standard-like models, our phe¬ 
nomenological models do not receive these anomalies. However, as pointed out in Refs. m, 
even if the Abelian gauge symmetries are anomaly-free, the Abelian gauge bosons may become 
massive due to the Green-Schwarz coupling given by Eq. ([8]). In order to ensure that the hy¬ 
percharge gauge boson is massless, they should not couple to the axions which is hodge dual 
to the Kalb-Ramond field. 

For completeness, we define the hypercharge gauge group as the subgroup of S'O(32) as 
follows. The decomposition of the S'O(32) gauge group can be realized by inserting the multiple 
f/(l) constant magnetic fluxes as those satisfying 


SO(32) ^ SU(3)c 0 SU(2)l U(l)a. 


( 10 ) 


Totally, 5*0(32) has 16 Gartan elements. Hi [i = 1, ■ ■ ■ , 16). We take the Gartan elements of 
50(3) along Hi — H 2 , Hi + H 2 — 2Hs and Gartan element of SU{2) as H^ — Hq. The other 

^Even if the consistency condition is satisfied at the non-perturbative level, we have to care about the 
anomaly on heterotic five-branes and the global Witten anomaly is absent if the number of chiral fermions on 
the heterotic five branes is even mi Hz]. 
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Cartan directions of SO (32) are chosen as, 


(7(1), : 

(0,0,0,0,1,1;0,0,-- 

,0), 

t/(l)2 : 

(1,1,1,1,0,0;0,0,-- 

,0), 

fA(l)s : 

(l,l,l,-3,0,0;0,0,- 

••,0), 

(7(1)4 : 

(0, 0,0, 0,0,0; 1,0,-• 

,0), 

(7(1)5 : 

(0,0,0,0,0,0;0,l,•• 

,0), 

(7(1)i3 

: (0,0,0,0,0,0;0,0, •• 

•,1), 


in the basis Hi. Then, we nse the basis that non-zero roots have charge 


( ± 1 ,± 1 , 0 ,--- , 0 ), ( 12 ) 

nnder Hi {i = 1, • • • ,16), where the nnderline means any possible permutations. The nor¬ 
malization of the Abelian gauge groups are discussed in the Appendix and the concrete 
identihcation of standard model gauge groups and its representations are shown in Sec. [3l Note 
that some gauge groups would be enhanced to the larger one if any of U{1) fluxes are absent 
or degenerate. 

When the U{1) fluxes are inserted along the Cartan direction of SO{32), the held strengths 
of U{l)s, f are decomposed into the four-dimensional parts / and extra-dimensional parts /, 


and then we can dimensionally reduce the one-loop Green-Schwarz term ([8]) to 




GS 


-/ ^( 2 )/\-(TrFf^) 

{2nflljMm 144 ^ 


(27r)3/2 

1 

1 


/ 5(2) A 

I A//(io) 2880 


^ (TrF/)A^^ 


5(2) A 


'M(io) 


(Tr52/2^ 


L96 


15 

1 


43200 


Tr/2 + tr52 
(Tr5/)2 


(27r)3/2 

1 r 


5(2) A ^ 


(2vr)3/2 7^(10) 




(13) 

(14) 

(15) 

(16) 

(17) 

(18) 


where Is = 2 tt'/^, F denote the held strengths of SU{3)c, SU{2 )l, 5(l)y. The explicit forms 
of traces appeared in Eqs. (lITD - ffTSD are shown in Appendix [Bl 

Before evaluating the mass term of 5(1) gauge bosons, for completeness, we show the 
dehnition of three 2-tori {T‘^)i — C/Aj with i = 1, 2, 3, where the lattices A, are generated by 


5 
















two vectors Cj = 271 Ri and = 27rRiTi. Here, Ri and r* are the radii and complex structure 
moduli of respectively. The metrics of three 2-tori are then given by 

dsl = gmndx'^dx'^ = 2hijdz^dz^, (19) 

0 0 \ 0 0 \ 

W = 0 g^^'> 0 , % = 0 0 , (20) 

\ 0 0 g^^^J \ 0 0 

where x"^ are the coordinates of with m,n = 4, 5, 6, 7, 8, 9, z^ = -f- and the rank 

2 diagonal matrices g^^'^ and are given by 

(aeV. (l/2 'o") ■ Pl) 

From this expression, we expand the Kalb-Ramond held and internal U{l)a held 
strengths fa, (a = 1, • • ■ , 13) in the basis of Kahler forms, Wi = idz^ A dR/{2liaT^^'>) on tori 
(T^)j derived from the metrics fl2T]) . 

i=l 

3 

fa = 277^mfwi, ( 22 ) 


where are the integers or half-integers determined by Dirac quantization condition. Since 
Dirac quantization is satished in the adjoint representation of 50(32), the factional numbers 
of m'a can be allowed as pointed out in Ref. [1]. From the Eqs. (ITT)) and flT^ . we can extract 
the Stueckelberg couplings. 


3 ( 2 vr) 3/2 j 


tiTiVf/i + (trT*/| + 3(trr|T|)/2/| + (trTjTD/l) /j 

13 

f {tiTifl + UtrTTTDhn + 3(tiT|T|)/l/3) A + 


c=4 


(23) 


where the trace identities are employed as shown in Appendix [Bl If the 0(1) gauge helds 
couple to the universal axion 6 ^^ which is the hodge dual of the tensor held one of the 
multiple 0(1) gauge helds absorbs the universal axion and become massive. In our model, 
since the hypercharge 0 (l)y is identihed as the linear combinations of multiple 0 (l)s, i.e., 
0(l)y = ^( 0 ( 1)3 -|- 3 O(l)c) as shall be discussed in Sec. ISlFI. the 0(l)y gauge held becomes 
massless under the condition 


6tr(T3)m3^^m3^^m3^^ -|- 3tT{T2T^)dijkrri2^+ 3ti{T2Tl)dijkm2^m2^rn'^^ 

+ = 0, (24) 

C 

^In the definition of C/(l)y, the summation over c depends on the models as shown in Sec. [3] 
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which means no interaction between U{1)y and the universal axion Here the following 
formulas are satisfied J^ 2 xt 2 xt 2 fa — {‘^T^Ydijkm^ama'^rrLa^ = with the 

non-vanishing intersection numbers of 2-tori, dijk = 1 {i ^ j ^ k). 

Except for the universal axion, there are other axions associated with the internal cycles, 
that is, Kahler axions which couple to the U{1) gauge bosons originated from the action given 
by Eq. (|5]). Along with the Kalb-Ramond held we expand the dual held as 


5 ( 6 ) 


;;C’vole + It >>?' 

k=l 


Wk, 


where Wk are the Hodge dual four-forms of the Kahler forms, 

^ dkij.dz^Adz^ .dz^ A dz^ 

2ImTl‘) * 2ImT«) ’ 


(25) 


(26) 


which are dehned as those satisfying Wi A wj = Sij. After inserting these expressions 

into the action given by Eq. (j5]), we can extract the mass terms of the U{1) gauge bosons. 


1 


a=l 


(b 


(27) 


In the same way as the case of universal axion, the U{1)y gauge held should not couple to the 
Kahler axions, otherwise it becomes massive. Thus the U{1)y gauge boson is massless under 
the following condition. 


tr(T|)m^*^ + 3 ^ tr(T2)mW = 0, 

c=4 


(28) 


with i = 1, 2, 3. 

As a step to realize the realistic models, the massless conditions for f/(l)y gauge boson 
given by Eqs. fl2TD and fl25D should be satished. It is remarkable that these U{1) huxes are 
sensitive to the consistency condition given by Eq. ([7]) as shown in the Sec. 12.11 When the 
heterotic hve-branes are absent in our system, the following conditions, 

13 

^tr(T2)mWmi^) = 0, i ^ j, {ij = 1, 2, 3), (29) 

a=l 

are required from the consistencies of heterotic string theory, otherwise the NS-NS tadpole 
could be canceled by the existence of heterotic hve-branes. 

2.3 The chiral fermions and degenerate zero-modes 

The heterotic string theory on three 2-tori has W = 4 supersymmetry in the language of 4D 
supercharges which have to be broken to at least M = 1 supersymmetry in the four-dimension. 


7 







otherwise the chiral matters do not appear in the low-energy effective theory. Although it is 
known that there are much progresses in the framework of toroidal orbifold, in this paper, we 
focus on the realization of chiral fermions by employing the multiple U{1) fluxes as discussed 
in this section. 0 

First we define the lOD Majorana-Weyl spinor A which satisfies the Majorana-Weyl condi¬ 
tion, 


FA = A, 


(30) 


where F is the lOD chirality matrix. The following analysis is based on Ref. [19]. In order to 
discuss the 4D chirality, we decompose the lOD Majorana-Weyl spinor A into four 4D Weyl 
spinors Aq and Aj with i = 1,2,3 as the representation of SU{4:) ~ 50(6). The lOD chirality 
matrix F is also decomposed into the product of three 2D chirality operators , F* = on 

(T^)j, where 


F) = 


^ ) F^ = 
1 0 ^ ’ * 


satisfying the Clifford algebra. Then the 4D chirality is 


F% = Ao, rA, = 


+\j 


which lead to the following 4D Weyl spinors, 

-^0 = -^+++) -^1 = -) -^2 = 


o)' 

(31) 

fixed as 


(* = i), 

(32) 

+-) -^3 = -+) 

(33) 


where the subscript indexes denote the eigenvalues of F* with i = 1,2,3. When we insert the 
magnetic fluxes on three 2-tori, one of the four 4D Weyl spinors would be chosen. In order to 
prove the above statements, we show the zero-mode wavefunction of fermions originating from 
the lOD gaugino field by solving their Dirac equations. 

The zero-modes of lOD gaugino field A and gauge field Am are defined through the following 
decompositions. 


n 



n 


where M = 0,1, • • • , 9 and x^, jj, = 0,1, 2, 3 are the coordinates of the 4D spacetime. The 
zero-modes of gaugino fields, V’o^(A) are expressed as 




i’fU')'] 

j ’ 


(35) 


"‘Although the gauge sector still remains 4D W = 4 SUSY, it could be broken to W = 1 SUSY by extending 
our system to the toroidal orbifold with trivial gauge embedding. The (anti-) heterotic five-branes would break 
(all) partial SUSY. It is then expected that the heterotic five branes compensate the moduli invariance even if 
the moduli invariance is violated at the string tree-level. 



where hereafter we omit the subscript 0 of the zero-modes, that is, = 'iPq\z^). On 

the other hand, the extra dimensional components of U{l)a gauge backgrounds Aa\z'^) (a = 
1, 2, • • • , 13) are given by 


(i) 

{Zidzi), 

ImTi 


(36) 


which lead to the magnetic fluxes given by Eq. fl22l) along the Cartan direction of S'O(32). Here 
and hereafter, we multiply the U{l)a magnetic fluxes rria^ by their corresponding normalization 
factors. 

Then the zero-mode equations of fermions with the U{l)a charge qa are given by 


= (rV,. + = 0 


(37) 


where the Gamma matrices and covariant derivatives in terms of the complex coordinates, 
{z\ A) are defined as 


= 2 \ 0 \ 
2TTRi VO Oyl ’ 2nRi V2 oj ’ 


(38) 


which can be derived from the Gamma matrices in flat space fl31l) and the metric of torus fl?I|) 
and 


Vg^ = dgi-iqa{Al^^)2i- (39) 


The spin connections are vanishing due to the topology of tori. Thus the Dirac equations on 
(T^)j are rewritten as 



7iq^\ 
2Imri ) 





2Imri 


) ^IJ^i\z\z^) = 0 . 


(40) 


Then R) has zero-modes only if M* = qaizi^a > 0, whereas 'iIj^1\z^, A) has zero-modes only 

if M* <0. In both cases, the wavefunctions have |M*| independent solutions as the solution 
of Dirac equations (IT0|) . Hence the number of generations of zero-modes, M is given by the 
product of |MV, that is, M = |M^| |M^| |M^|. (This result is consistent with that of the index 
theorem.) Since the nonvanishing fluxes |M*| select one of the two chiralities on (T^)j, i.e., 
or non vanishing fluxes on three 2-tori lead to the chiral spectrum as can be seen in 
Eq. (I33D. 

However, such magnetic fluxes may break all TV = 4 SUSY through the D-terms or Fayet- 
Iliopoulos terms in the language of 4D M = 1 SUSY. When J\f = 1 SUSY is preserved in the 
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system, the vanishing D-terms imply that the hermitian Yang-Mills equations for the U{l)a 
held strengths should be satished at the vacuum, 

g^Uah = 0- (41) 

In our set-up, these conditions are equal to 


E 


rr^ 


0 , 


(42) 


where Ai = (27ri?j)^Imrj are the areas of tori, (T^)j. Indeed, when these conditions are satished, 
massless scalar helds appear for Am [M = 4, • • • ,9), and they correspond to superpartners of 
the above massless fermions. At the perturbative level, the D-term conditions receive at most 
one-loop corrections [20] which have the dilaton dependence. 

Finally, we comment on the Wilson lines which play a role of breaking the gauge group 
into its subgroups without changing the rank of gauge groups. In fact, when we introduce the 
Wilson lines (^a \ along the U{l)a directions, the internal components of f/(l)a gauge helds take 
the following shifts compared to Eq. (I36|) . 

^a{z") = + Ca^)dZi), (43) 

which modify the zero-mode wavefunctions determined by the Dirac equations (IdOjl . whereas 
the number of zero-modes and U{1) huxes are not modihed. When we evaluate the values of 
Yukawa couplings, such Wilson lines would give signihcant ehects. 


3 Three-generation models in the SO{32) heterotic string 
theory 

3.1 Matter content 

In this section, we show the concrete decomposition of S'O (32) gauge group into the standard 
model gauge groups and then the parts of adjoint representation of S'O(32) are identihed as the 
matter contents of the standard model. As the hrst step to obtain the standard model gauge 
groups, we consider the decomposition of SO(32) illustrated as 

SO{32) SO(12) ® SO(20), 

496 ^ (1,190) © (12^, 20„) © (66,1), (44) 

where the multiple U{1) fluxes are assumed along the Cartan directions of 5*0(32). 

In order to derive the matter contents of the standard model, we examine whether the 
adjoint representation of S'0(12) involves the candidates of elementary particles or not. When 
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we put three t/(l)i, 2,3 fluxes along the Cartan directions of S'0(12) gauge group, it is found 
that S'0(12) involves the candidates of SU{3)c and SU{2)l, 


SO{12) ^ ^0(8) ® SU{2)l «) f/(l)i ^ SU{4) O f/(l)2 ® SU{2)l 0 

^ SU{3)c 0 17(1)3 0 f/(l )2 0 SU{2)l 0 (45) 


where the Cartan directions of f/(l)i, 2,3 are given by Eq. ffTTl) . Then the adjoint representation 
of 50(12) is decomposed as 


66 < 


(8., 2)] 


(15,l)o.o 


(28,l)o<^ 


(8, l)o,o,o 
(3, l)o,o,4 
(3, l)o,0,-4 
(1, l)o, 0,0 
0 J (3, l)o, 2-2 
(3,1)o,2,2 
(3, l)o,- 2,-2 

(3, l)o-2,2 


(6.1) o,-2 
(1) l)o, 0,0 

(4.2) i,i 


(3.2) i,i,i 

(1.2) i,i,-3 
(3,2)i,_i,_i 


^(1,2)i_i_3 

(3,2)-i,i,i 


(8.,2)_i 

(1, 3)o,o,o 
( 1 , 1)2, 0,0 
(1; l)-2,0,0 

(1) l)o,o,o 


(4,2)i,_ 
(4,2)_i, 




(46) 


which are singlets of 50(20), where the subscript indices denote the 17(l)i^2,3 charge gig, 3 . 
The normalization of 17(1) generators are given by Appendix Thus when we identify the 
hypercharge as 17(l)y = 17 ( 1 ) 3 / 6 , we can extract the candidates of the quarks, charged leptons 
and/or Higgs, 


Q: 

'^R ■ 


Qi = (3, 2 ) 1 ,1,1 
Q 2 = (3,^2)_i,i,i 
d'Ri = (3, l)o, 2,2 
d-R 2 = (3, l)o,- 2,2 


r . / 7^1 — (1) 2 )i,i,-3 
\ 772 = (1, 2)_i,i,_3 

= ( 1 , 1)2, 0 , 0 - 


• { '^'ri ~ (3) l)o,0,-4 


(47) 


As shown in the above analysis, the adjoint representation of 50(12), 66 does not involve the 
candidate of right-handed leptons. Therefore, we further decompose the 50(20) gauge group 
into 17 ( 1 ) 4 , 5,-,13 gauge groups. 


50(20) ^ 17(1)40 •••0 17(1)i3, 


(48) 
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where the nonvanishing U{1) fluxes along all 17 ( 1 ) 4,...,13 directions are inserted shown in Eq. CO- 
Now SO{2) is identifled as U (1). The vector representation and the singlet of S'0(12), 12„ and 1 
give the suitable matter contents, i.e., right-handed quarks and leptons, charged-leptons and/or 
Higgs, 


/ 


(12„, 20„) —>■ < 


v 


-^3 = (1) 2 ) i , 0 , 0 ; _ i , 0,...,0 

LI = (1, 2)_i,o,o; _i,o,...,o 

'^R2 ~ l)o,-l,-l; -l,0,-",0 

= (3, l)o,-l,-l; l, 0,-,0 

^Ri = (1) l)o,-l,3; l,0,-,0 
^2 “ = (1) l)o,-l,3;-l,0,-,0 


(1,190) ^ 


l)oAO; i,i,o.-,o 

= (I 5 l)o, 0 , 0 ;l,-l, 0,---,0 


, (a = 4,5, • • 


, {a,b = 4, 5, • 


,13), 


• , 13, a 7 ^ b), 


(49) 


where the underlines for f/(l) 4 , 5 ,...,i 3 charge q' 4 , 5 ,...,i 3 denote all the possible permutations. It is 
remarkable that the correct U{1)y charge can be also realized as 


U{1)y = 


1 

6 
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c=4 


(50) 


3.2 Three-generation models 


Since the matter contents of the standard model are correctly identifled in the previous section, 
we show the number of generations for each representation in this section. 

As discussed in Sec. 12.31 the 17(1) fluxes generate the degenerate zero-modes if these zero- 
modes have 17(1) charges. It implies that the number of generations for the representations 
embedded in the adjoint and vector representations of S'0(12), 66 and 12.„ are determined by 
the following formulas. 


^Qi = Ili=i + mi + mi), 

= nLi = ntiM + "^2 - 3m|), 
= nLi(-4"iD, 

= nLi = nti(2"i2+ 2m*), 


= nti = ntiKi - 
= nLi = nLi(-"^2 -mi- mi), 
= nti = nti(-"^2 + 3m| + mi). 


mQ 2 = Ili=i m^Q 2 = +mi + mi), 

mL 2 = nti = nti(-K + ^2 - 3m|), 
mn^ = ntiKi = n?=i(2mi), 

= nti = nLi(- 2 m *2 + 2 m*), 

(51) 


^Li = nti 

”^^^3 = nti = nti (-"^2 - + mi), 

mn- = nLi "^4 = nti (-’^2 + 3m* - mi), 

(52) 


respectively. 

Now we are ready to search for the realistic three-generation models in the framework of 
S'0(32) heterotic string theory. In the light of 17(l)y massless conditions given by Eqs. (124)) 
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and (128|) . the nonvanishing U{1)3 fluxes seem to violate these massless conditions. Therefore, 
in this paper, we restrict ourselves to the case that 17(1)3 fluxes are absent in our system, which 
lead to no chiral generations of right-handed quarks, and from the adjoint representation 
of 50(12) as can be seen in Eq. flHTl) . Only left-handed quarks Q and charged-leptons L are 
then generated from the adjoint representation of 50(12). As for the left-handed quarks, Q, 
there are two possibilities to reproduce the three generations of Q, 

TypeA : (mQj,mQ 2 ) = (2,1), TypeB : (mg,, mgj = (3, 0), (53) 

without loss of generality, because we can exchange ttiq^ and rriQ^ under flipping the sign of 
m\ with i = 1,2,3. In both cases, the possible 0(1) fluxes are summarized in Tables [T] and 
[2] and in the case of Type B, it is restricted within the range of —2 < ^ 2, z = 1, 2, 3, 

for simplicity. In both tables, possible permutations among the first, second and third 2-tori 
are omitted. Also, when we flip signs of magnetic fluxes in two of three 2-tori, we obtain 
the same generation number. For example the magnetic fluxes, = (—3/2,0,!) 

(m 2 ,m 2 ,m 2 ) = (—1 /2, —1,0 ), are obtained by flipping the signs of magnetic fluxes in the first 
and second 2-tori from ones in Table [1] and they lead to the same generation numbers. We omit 
such possibilities in both tables. 


{m\, ml, ml) 

(m^,m^,m^) 

( 1 . 1 . 5 ) 

(1.1.0) 

(1.1.1) 
(0,0, |) 

(10.1) 


Table 1: The possible magnetic fluxes in Type A. Possible permutations among the three 2-tori 
are omitted. Certain types of sign flipping are also omitted. 
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Table 2: The possible magnetic fluxes in Type B within the range of —2 < < 2, i = 1,2, 3. 

Possible permutations among the three 2-tori are omitted. Certain types of sign flipping are 
also omitted. 
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(mj, m^, ml) 




(mlo, m'io,mlQ) 

(Pd) 


(0,0,0) 

(5.-2.1) 

(iXo) 


Table 3: The typical values of U{1) fluxes in the model of type A and “Case I” given by 
Eqs. (13^ and (IM]) . 


Under the constrained magnetic fluxes in Tables [T] and [21 we further search for the realistic 
three generations of and satisfying the U{1)y massless conditions fl2T|) . fl28|) as well 

as the SUSY conditions @ As a result, within the range of —10 < < 10, there are 

three choices for the U{1) fluxes as follows. 




Case I 

m\ = 

ml = 

ml = 

—ml = 

—ml = —ml, 




m*o = 

■■ m\^ - 

= —mi 

u = -'m 

i 

135 





, TTlrfcd 

, me<^^ 

, mn° ) = 

(1,0, 0,1), 

(a = 

= 4,5,6), 


{m^cb 

^2 

R 3 

. Tfl^c b 

= 

(0,1,1,0), 

{b = 

= 7,8,9), 


{m^cd 

ti 2 

, TTIjc d 
^R3 

. TflpC d 


(0,0, 0,0), 

{d = 

= 10,11,12,13), 

Case II m\ 

= —m 

i 

5) 






ml 

= ml ■■ 

= ml ■■ 

= ml 

= -^io 

= —m\i = — 

■m\2 

= 


(54) 


(m„^4, , me^4, m^) = (3, 0, 0, 3), 

, rrigc^s, m„5) = (0,3, 3,0), 

= (0,0, 0,0), (a = 6,7,8,9,10,11,12,13). 


(55) 


and 


m\ 

= 

-ml, 

m 

'6 “ 

■ml. 

ml 


ml = 

^io = 

—m\i = —m\2 = —' 

(m, 


R 3 

’ 5 


= (2,0, 0,2), 

(m, 


^3 

, TflpC 5 , 
’ ^R ’ 


= (0,2, 2,0), 

(m, 

,c 6 

P 2 

5 

R 3 

, TftpC 6 , 
’ ^R ’ 


= (1,0,0,1), 

(m, 

‘■R 2 

^3 

5 5 

rrinl) 

= (0,1,1,0), 

(m, 

,c a 
«2 

^3 

’ 5 

rrin^) 

= (0,0, 0,0), 




(56) 


In the case of Type A, only “Case I” is allowed as the realistic three-generation models. The 
typical U{1) fluxes and the number of generations of matters are given by Tables [3] and jH 
Under the U{1) gauge symmetries, the following Yukawa couplings of quarks and leptons are 


®Here we do not constrain the number of charged-leptons, L, because some of them may be identified as 
higgsino fields. 
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Table 4: The number of generations for the representations dehned in the model of type A and 
“Case I” given by Eqs. fl53l) and flSTl) . 


allowed in terms of the renormalizable operators, 


(Ql, Lg, 
(Qi, Z/|, 
(Ql, Tg, 


(Q2,I!,0, 

(Q 2 ; 'WRj)) 

(Q2, T4, ), 

iQ2,Lld^^l), 

iQ2,Lld^^^), 


{Li,Llni), 

(Li, L 4 , 


(^ 2 , It ^ 2 ), 
(L2,Ltn^), 
{L2,Ll,n^), 
(L2, Ll, e^^), 
{L2,LlefJ, 


(57) 


These include useful Yukawa couplings to give all of the quarks and leptons masses when 
L'^, Ll, L\, L\ with a = 4, 5,6 and b = 7,8,9 are identihed as Higgs doublets and L 34 denote 
conjugate representations of L 34 . 

Next, we consider the case of Type B. As the supersymmetric three-generation models, both 
“Case I” and “Case 11” are allowed and they are then categorized as the four types of models. 


BI : “Casel” in type B, 

BII : “Casell” in type B with = 0, 
Bill : “Casell” in type B with 7 ^ 0, 
BIV : “Casein” in type B. 


For each model, the typical U{1) fluxes and the number of generations of matters are summa¬ 
rized in Tables [5l [ 6 l O [H [9] and [101 In the type BI model summarized in Tables [5] and [ 6 l the 
following Yukawa couplings of quarks and leptons are allowed in terms of the renormalizable 
operators. 


Wi.q.O. (Qullu-g), (Oi, £«,<,), (Li.p.n^), (Li,Llnl), (Li.L'.n^, 
{QuLld%l), (QuLld'g), (Qi.q.O, (ii.q.O, (ii.q.eli®). (LuLlet). 


(69) 
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(mj, m^, ml) 





OAi) 

(2,1.4) 

(0,0,0) 

(-1.-2,4) 

(0.1,-4) 


Table 5: The typical values of U{1) fluxes in the type BI model given by Eq. fISS]) . 


(Qi, Qa, Li,L2, u% , d %, d%^,ni) 

(3, 0,3, 0,0, 8,-8,0) 

I/4, ''^2) 

(T^ r5 ,,c5 Jc5 pCb „5'i 

1-^3) -^45 “R2’ “i?3’ '''21 

(r6 r6 „,c6 Jc6 pC6 „6'i 

1-^3) -^45 5 ) '''21 

(0,0,1,0, 0,1) 

(0,0,1,0, 0,1) 

(0,0,1,0, 0,1) 

(L^,L^,Mg,d^;,e^;,n^) 

(t8 t8 „ c8 jc8 pc8 „8'i 

1-^35 -^45 “i(;2’ "'21 

(r9 t9 „ c9 jc9 c 9 9'i 

1-^31 -^45 "R2’ "i?3’ 1 "'21 

(0,0, 0,1,1,0) 

(0,0, 0,1,1,0) 

(0,0, 0,1,1,0) 

/ r 10 r 10 „,clO ^clO „cl0 .,^10^ 

1-^3 ) -^4 5 "iJ2 1 “i?3 1 ’ "2 1 

/rll rll ,,cll Jcll cll .^^lll 

1-^3 1 -^4 5 '^R 2 ’ "Hs 5 ^Ri ’ "2 1 

lrl2 rl2 cl2 Jcl2 cl2 121 

1-^3 1 -^4 5 "i(;2 ’ "Rs 1 ’ "2 1 

4rl3 rl3 „,cl3 Rcl3 „cl3 „134 

1-^3 5 -^4 1 "R, 5 "R3 1 ^Ri ’ "2 1 

(-1,0, 0,0, 0,0) 
(-1,0, 0,0, 0,0) 
(0,1, 0,0, 0,0) 

(0,1, 0,0, 0,0) 


Table 6: The number of generations for the representations in the type BI model given by 
Eq. flSS]) . 


These also include useful Yukawa couplings when Lg, L\ with a = 4, 5, 6 and b = 7, 8, 9 are 
identihed as Higgs doublets. In both type BII and type Bill models summarized in Tables [3, 
[HI [9] and [T0|, the useful Yukawa couplings of quarks and leptons are allowed in terms of the 
renormalizable operators, 


{L,, (60) 

where Lg, are identihed as Higgs doublets. Finally, in type BIV model summarized in 
Tables [H] and UHl the useful Yukawa couplings of quarks and leptons are allowed in terms of 
the renormalizable operators. 


(Qi,Z^,0, (Li,L6,n6), 

(Qi, L|, (Qi,L4,d^g), (Li,L|,e^^), {Li, 


(61) 


where are identihed as Higgs doublets. 


(m{, m 4 , ml) 

{ml,rniml) 

{ml,ml,ml) 

{ml, ml, ml) 

{ml, ml, ml) 

(- 0 i) 

V9’9/ 

(i 1 -) 

V9’ ’ 9/ 

(0,0,0) 

(-5.2,4) 

(- -1 -) 

V9’ ’ 9/ 


Table 7: The typical values of U{1) huxes in the type BII model given by Eq. (1581) . 
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(Qi, Qa, Li, L 2 , u% , d% , nQ 




I'rS r5 „,c5 Jc5 „c5 „5'i 
-^4; ^ “'-R,-:!’ ^-Ri ^ '''2J 


(i§. 

(^: 

(^: 


7 " 6 ^. c 6 6 ^ c 6 ^ 6 \ 

3,1^4, '^2^ 

I'rS rS „,c8 ^c8 pc8 „8'\ 
1 -^ 3 ) -^45 “_R 2 ’ “i? 3 ’ ^Ri 5 ''' 2 J 
9 r9 ,,c9 jc9 c9 9\ 

3, 1^4, »fi3, '^2J 


10 r 10 
) -^4 ) 

3 ) -^4 ) 


(L 
(L 
(L 

(t13 rl3 , cl3 
1-^3 ) -^4 ) “^2 ’ ® 


clO ^clO „clO 


d' 

i?2 ’ “ 

11 „,cll ^cll 

'^-R2 ’ “Rs ’ 

rl2 cl2 Jcl2 

,1^4 , , U_ 


R 3 ) ^^7’ ^2°) 


eiJiS^2^) 

cl2 12\ 
i?3 ’ ^-Rl ’ "'2 
cl3 „cl3 ;,^13'\ 
Rs ’ ^Ri ’ "'2 y' 


(3, 0,3, 0,0, 2,-2,0) 
(0,-2, 3, 0,0, 3) 
(2, 0,0, 3, 3,0) 
(0,7, 0,0, 0,0) 
(0,7, 0,0, 0,0) 
(0,7, 0,0, 0,0) 
(0,7, 0,0, 0,0) 
(-7, 0,0, 0,0,0) 
(-7, 0,0, 0,0,0) 
(-7, 0,0, 0,0,0) 
(-7, 0,0, 0,0,0) 


Table 8 : The number of generations for the representations in the type BII model given by 
Eq. dSHl). 


{m\, ml, ml) 

(m^,m^,m^) 

{ml,ml,ml) 

( 7714 , 7714 , 771 ^) 

(777^,771^,771^) 

fl 

v-^’ 2 ’ 2/ 


( 0 , 0 , 0 ) 

(-1 -y 1) 

V 2 ’ 2/ 

( 2 , f,-l) 


Table 9: The typical values of t7(l) fluxes in the type Bill model given by Eq. (158|1 . 


(Qi, Q 2 , Ti, L 2 , d^2! ^ 1 ) 

(3,0,3,0,0,12,-12,2) 

(^3) Wilt >^Rt. 6 ^, 712 ) 

(0,0, 3, 0,0, 3) 

IrS r5 „,c5 7c5 „c5 

12^3) 7^4, Uj^^, Uj^^, , IL 2 ) 

(0,0, 0,3, 3,0) 

7r6 r6 „,c6 7c6 pC6 

17^3) 7^4, 112 ! 

(7, 0,0, 0,0,0) 

/r9 t9 c9 jc9 c9 9\ 

I-W 3 , 2^4) “il 2 ) “il3) ^Ri ) 'h) 

(7, 0,0, 0,0,0) 

f T10 r 10 „,clO RclO „clO .,^10^ 

I-W 3 ! -W 4 5 “il 2 ’ “R 3 ’ ^Ri ’ ''"2 J 

(0,-7, 0,0, 0,0) 

/rl3 rl3 ,,cl3 jcl3 cl3 .,^13\ 

I-W 3 ) -W 4 , Uj^y , , 112 J 

(0,-7, 0,0, 0,0) 


Table 10: The number of generations for the representations in the type Bill model given by 
Eq. (EHl). 
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(m], mf, mf) 


{ml, mi, ml) 

{ml, ml, ml) 

{ml,m'i,ml) 

{ml,ml,ml) 

(- - 1) 

V2’ 2’ 22 

(- - -) 

\2’ 2’ 22 

(0,0,0) 

- -) 

\ 2’ 2’ 22 

(-- - -) 

V 2’ 2’ 22 

(-- - -) 

V 2’ 2’ 22 


Table 11: The typical values of U{1) fluxes in the type BIV model given by Eq. fISSD . 


(QuQ 2, Li, L2,'U%,d%,,d%,,ny) 


(il. U 
(it. Ll 


7,c4 jc4 c4 4\ 
) “i?2’ “-R3’ ^-Rl’ '''21 
,,c5 Jc5 „c5 „5'\ 
; i ''•21 


(q. iS 
(q. ij 


^.c6 6 ^C0 ^ 

5 “RjJ “i?3) ^Rl! ''■2I 
„c7 Jc7 pC7 „7') 


(LI, LI 
(Ll Li 
(L}«, if, 


,,c8 ^c8 „c8 „8'\ 

) “R 2 ’ “R 3 ’ ^Ri’ "'21 
,,c9 Jc9 „c9 „9'i 
5 "R 2 ’ “R 3 ’ ^Ri’ "• 2 I 
„,C10 ^cio ^clO ,nlO'\ 

"R2 ’ '^R3 ’ ^Ri ’ "2 1 




R 


11 Rcll pCll ^^lll 

R 2 ’ “Rs ’ ^Ri ’ "'2 1 


cl2 Jcl2 cl2 121 

"R2 ’ “Rs ’ ^Rl ’ "2 1 

„,cl3 ^cl3 „cl3 ,,^13^ 
"R2 ’ “Rs ’ ^Ri ’ "2 1 


(3, 0,3, 0,0,1,-1, 5) 
( 0 , 0 , 2 , 0 , 0 , 2 ) 
( 0 , 0 , 0 , 2 , 2 , 0 ) 
( 0 ,- 1 , 1 , 0 , 0 , 1 ) 
( 0 ,- 1 , 1 , 0 , 0 , 1 ) 
( 0 ,- 2 , 0 , 0 , 0 , 0 ) 
( 0 ,- 2 , 0 , 0 , 0 , 0 ) 
( 0 ,- 2 , 0 , 0 , 0 , 0 ) 
( 2 , 0 , 0 , 0 , 0 , 0 ) 

( 2 , 0 , 0 , 0 , 0 , 0 ) 

( 2 , 0 , 0 , 0 , 0 , 0 ) 


Table 12: The number of generations for the representations in the type BIV model given by 
Eq. dSHl). 


Note that in our models, the consistency conditions given by Eq. (JTj) are not satished 
without introducing the heterotic hve-branes. In this case, we have to take care of the Witten 
anomaly [Mlin] on the heterotic hve-branes with Sp{2N) gauge groups which is the case that 
the number of heterotic hve-branes is N. In order to avoid the Witten anomaly, the number 
of chiral fermions under the fundamental representations of Sp{2N) are even [T 6 l ITT] . These 
fundamental representations of (32,2V) under SO{32) ® Sp{2N) can be read in the type I 
string with D5-and D9-brane system which is expected as the S-dual of the SO{32) heterotic 
string. The generations of the chiral fermions included in (12, 2N) under S'0(12) 0 Sp{2N) and 
(20, 2N) under S'O(20) 0 Sp{2N) are determined by ± IlLi for a = 1, 2,4, • • • , 13, in the 
case = 0 with i = 1,2,3. In our most supersymmetric models, the chiral fermions arise 
from (32,2V) under SO{32) 0 Sp{2N). Thus we require the non-trivial mechanism to obtain 
the even number of chiral fermions such as U{1) huxes on the heterotic hve-branes in order to 
avoid the Witten anomaly. 

Finally we comment on the gauge enhancements induced by vanishing huxes. In this paper, 
we focus on the case = 0 , z = 1,2,3 in the light of U{1)y massless conditions given by 
Eqs. fl 2 T|) and fl28|l . These vanishing huxes cause the gauge enhancement, SU{3)c x ^( 1)3 —)■ 
SU{4:). Moreover it requires the Wilson-lines into the internal component of V(l )3 to break 
down SU{4) into SU{3). Our models have other gauge enhancements. The realistic three- 
generation models are summarized in three cases, “Case I”, “Case II” and “Case III” in 
Eqs. (EH), lEH and flTB]) - respectively. In both cases, most magnetic huxes are related to 
each other due to the U{1)y massless conditions given by Eqs. fl 2 T|) and fl28|) - For example, the 
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invariant simple roots under the existences of fluxes read 

Case I tti = (0, 0, 0, 0, 0, 0; 1, —1, 0, • • • ,0), 

«2 = (0,0,0,0,0,0;0,l,-l,0 ,---,0 ), 

«3 = (0,0,0,0,0,0;0,0,0,l,-l,0 ,---,0 ), 

04 = ( 0 , 0 , 0 , 0 , 0 , 0 ; 0 , 0 , 0 , 0 , 1 , - 1 , 0 , • • • , 0 ), 

as = (0, 0, 0, 0, 0, 0; 0, 0,1, 0, 0,1, 0, • • • , 0), (62) 

Case II tti = (0, 0, 0, 0, 0, 0; 1,1, 0, • • ■ ,0), 

Case III tti = (0, 0, 0, 0, 0, 0; 1,1, 0, • • • ,0), 

as = (0,0,0,0,0,0;0,0,1,1,0,-- - ,0), 

which implies the SU{6), SU{2) and 517(2) x SU{2) gauge symmetries, respectively. All of 
them include SU{2)p(. Furthermore, SU{3) of 517(6) is a flavor symmetry of right-handed 
matter helds, and the three right-handed matter generations is a triplet under 517(3) flavor 
symmetry, while the left-handed matter helds are singlets. We introduce Wilson lines to break 
theses symmetries. 

3.3 Three-generation models with K-theory constraints 

So far, we have not considered the so-called K-theory constraints which are formulated in the 
S-dual to the 50(32) heterotic string theory, i.e.. Type I string theory. In the 50(32) heterotic 
string theory, the total number of magnetic huxes is further constrained as 

13 

= 0 (mod2), (63) 

a=l 

for i = 1,2,3, as stated in Ref. HU. Such a condition allows for the well-dehned spinor 
representation of the gauge bundle, otherwise its wavefunction is not single-valued. 

When we assume that the 50(32) heterotic string theory on our gauge background is de¬ 
scribed as its S-dual theory, i.e.. Type I string theory, the above condition fl6^ may correspond 
to the K-theory constraints [2l] which cannot be classihed in terms of a homology. These 
constraints can be understood by introducing all the possible probe D-branes [25], and then 
they show the existence of several stable non-BPS branes with the discrete K-theory charge, 
i.e., Z 2 -charge. In the case of N stacks of heterotic hve-brane with 5p(2A^) gauge group, they 
require the condition fl63D in order to avoid the Witten anomaly ng [m 1 j Furthermore, in 
type I string, the fractional fluxes are allowed due to multiple wrapping numbers of D-branes. 
Although such a degree of freedom is expected to appear in the heterotic string side, we do 
not consider these possibilities, which we leave for future works. Since all the models discussed 
in Sec. 13.21 do not satisfy the K-theory condition, in this section, we further search for the 
possibilities of three-generation models under these assumptions. 

®In the heterotic string, the K-theory may be understood in terms of closed string tachyon [55] based on 
supercritical string m- 
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First of all, in the light of U{1)y massless condition, we impose the constraints for U{1) 
fluxes as. 


ml = 0, m^+3 = -ml^s (« = 2, 3,4, 5), (64) 

with i = 1,2, 3, which simplify the K-theory condition as 

2 

''^ml = 0 (mod 2). (65) 

a=l 

From the fact that all the possible candidates for left-handed quarks Q and charged leptons L 
are involved in the adjoint representation of S'0(12), three generations of Q and L have to be 
realized from such a representation. Then, their fluxes are constrained as 

Type A : {mQ^,mQ^) = (2,1), Type A' : {mQ^,mQ^) = (1,2), 

TypeB : (mQi,mQ 2 ) = (3,0), TypeB': (mg^, mgj = (0, 3), (66) 

where 2 , and hereafter we focus on the case that the right-handed quarks are generated 
from the vector representation of 50(12), for simplicity. In such cases, we hnd that only Type 
B' in Eq. fl66l) satishes the K-theory condition fl65l) and the SUSY condition fjT2l) yielding three 
generations of Q and L. The possible f/(l)i ^2 fluxes are summarized in Tab. [131 


{m\, ml, ml) 

{ml. 

rnl. 

ml) 

( 5 

~ir~ 
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V 2’ 

2’ 

2) 

V25 

25 

2) 

( 5 

1 

i'l 
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1 ) 

V 2’ 

2’ 

2' 

I25 

25 

( 5 
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k) 
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2 ^ 
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Table 13: The possible magnetic fluxes in TypeB' within the range of —2 < < 2 for 

mq^ = 0 and —2 < mq^ < 2 for mg^ = 0, where i = 1,2, 3. 


Next, we consider the remaining matter contents in the standard model, that is, 
and e^. Among the constrained magnetic fluxes listed in Table [131 we further search for those 
yield three generations of d^ and e^, satisfying the U{1)y massless condition f[64l) as well 
as the SUSY condition fjT2ll . Note that the K-theory condition is already satisfied under the 
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constraints (IM|) and fl65|) . As a resnlt, within the range of —5 < ml^ca < 5, there are three 

^2 

allowed choices for the 17(1) flnxes as follows, 


and 


“CaseF” 

7t2 7<2 

I ) ■' 

7^2 ^2 

= ( 1 , 1 , 1 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ), 

macia) = ( 0 , 0 , 0 , 0 , 0 , 1 , 1 , 1 , 0 , 0 ), 
712 

“Case IF” 

7^2 7<2 

•••’ 

"id=i3) = (0, 0, 0, 0, 0, 3, 0, 0, 0, 0), 

772 

“CasellF” 


...,m,c^i3) = ( 2 ,l, 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ), 

•••,m,^i3) = ( 0 , 0 , 0 , 0 , 0 , 2 ,l, 0 , 0 , 0 ). 
^2 


(67) 

( 68 ) 


(69) 


For each model, the typical 17(1) flnxes and the nnmber of generations of matters are snm- 
marized in Tables [HI [151 [13 El [HI and [13 In the “Case F” snmmarized in Tables [HI and 
[T5l non-vanishing Yukawa coupling terms involving the following combinations of quarks and 
leptons are allowed as the renormalizable operators. 


(Qj.LiO, (02,q,o, 

{Q2,Lld%l), (Q2,L'»,dg»), 


{Q2, T4, 


), 


{L 2 

{L 2 


^4 ^4 


c9)^ 


{L 2 

{L 2 


Ll,nl) 


rlO 
-^3 ! 


gC 10 


), 


(L 2 , T 4 , n®), 

{L2,Ll\e'^^\^). 


(70) 

These include useful Yukawa couplings to give masses of all the quarks and leptons when L^, L\ 
with a = 4, 5, 6 and 6 = 9,10,11 are identihed as Higgs doublets. 

As for the “Case IF” summarized in Tables [16] and [T71 the following combinations of quarks 
and leptons have renormalizable Yukawa coupling. 


(Q2,FtO, {Q22Lld%), (L2,Ltn^), (F 2 , 


(71) 


where L 4 , L\ are identihed as Higgs doublets in order to be phenomenologically viable. 

Next, in the “CasellF” summarized in Tables [TSl and [T3 the renormalizable Yukawa cou¬ 
plings are allowed for the following combinations of quarks and leptons. 


(Q2,Fi,<3), 


(g 2 , 40 , 7 ^ 1 °), 


{L22lin\), 

iL2,Lle<k\), 


{L2,Ll,nl), 

[L 2 , Ug , J, 


(72) 


where L 4 can be identihed as Higgs doublets. Note that in the same way as in Sec. 13.21 

the consistency conditions given by Eq. ([7]) are not satished without introducing the heterotic 
hve-branes, in the supersymmetric case. 

Finally we comment on the gauge enhancements induced by vanishing huxes. As discussed in 
Sec. 13.21 vanishing f/(l )3 huxes require the existence of Wilson-lines for the internal component 
of 17 ( 1)3 to break SU{4) down to SU{3). There are other gauge enhancements in three realistic 
models, “CaseF”, “Case IF” and “CasellF”, where most magnetic huxes are related to each 
other due to the 17(l)y massless conditions f[2T|) . ([28]) and the K-theory condition f[63|) . For 
example, there are invariant simple roots under the existences of huxes such as SU{6), SU{2) 
and SU{2) x SU{2) gauge symmetries for the “CaseF”, “CaseIF” and “CasellF”, respectively. 
We introduce Wilson-Iines to break these gauge symmetries. 
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{m\, m\, m\) 


{m\,mi,mi) 

{m\,m‘l,ml) 

(ml, ml, ml) 

V 2’ 2’ 2/ 

14 1 i) 

V2’ 2’ 2/ 

(0,0,0) 

( ^ ^ ^ 

V 2 ’ 2 ’ 2 / 

(- - --) 

V2’ 2’ 27 


Table 14: The typical values of U{1) fluxes in the “CaseI'” given by Eq. (1671) . The other U{1) 
fluxes are constrained to be m\ = ml = ml = —ml = —m\Q = —m\i and m\ = ml = —m \2 = 
—m\^ with i = 1,2, 3. 


(Qi, Qa, Li, La, u% , d%, d%,ni) 

(0,3, 0,3, 0,3,-3,3) 

{LtLl,u%dl^^,e%nl) 

(t5 t5 „,c5 jc5 „c5 „5'| 

(tQ tG r,,cG Jc6 „c6 „6'\ 

(1,0,1,0, 0,1) 

(1,0,1,0, 0,1) 

(1,0,1,0, 0,1) 

( r8 t8 „ c8 jc8 pC8 „8'i 

(0,0, 0,0, 0,0) 

(0,0, 0,0, 0,0) 

(t9 t9 „c9 jc 9 pc9 

1-^3) -^4) ^Rii^Rsi ^Rv 'h) 

( T10 r 10 „,cl0 rjclO pClO 

1-^3 ) -^4 ) “R2 ’ “Rs ’ ^Ri ’ "'2 ) 

(Til Til r,,cll pjcll cll 

1-^3 ; -^4 ; '^R9 ’ “Ra ’ ^R, > "'2 ) 

(0,-1, 0,1,1,0) 
(0,-1, 0,1,1,0) 
(0,-1, 0,1,1,0) 

(t12 t 12 cl2 Jcl2 cl2 12', 
l-'^3 ; -'^4 ) “R2 > “R3 ) ^Ri ) 'h ) 
(t13 rl3 ,,cl3 jcl3 cl3 

1-^3 ! -^4 5 “R2 ’ “Ra 5 ^Ri ’ ''-2 ) 

(0,0, 0,0, 0,0) 

(0,0, 0,0, 0,0) 


Table 15: The number of generations for the representations in the “Case!'” given by Eq. fl67|l . 


(ml, ml, ml) 

(ml, ml, ml) 

(ml,ml,ml) 

to 

CO 

(ml,ml,ml) 

V 2’ 2’ 27 

(4 1 i) 

V2’ 2’ 27 

(0,0,0) 

f-li 1 1) 

\ 2 ’ 2’ 27 

(k _i -i) 

V2’ 2’ 27 


Table 16: The typical values of f/(l) fluxes in the “Case II'” given by Eq. (j68|l . The other f/(l) 
fluxes are constrained to be m\ = —ml and ml = ml = m^ = ml = —m\Q = —m\i = —m \2 = 
—m ^3 with i = 1,2, 3. 


(Qi, Qa, Li, La, u% , d%, d%,ni) 

(0,3, 0,3, 0,5,-5,1) 


(5, 0,3, 0,0, 3) 

(tG r5 „,c5 pjcb pCb 

1-^3; “R2’ “R3 > ^Ri’ '''21 

(tG jG „,c 6 pjcG pCG 

1-^3; -^4) “R2> “R3) ^Rp "'21 

m,Ll,u^R2^dR3^e^R„nl) 

(t8 t8 „c 8 jc 8 pC8 

1-^3) ^Ai "R2> “Ra’ ^Ri ’ "'21 

(0,-2, 0,0, 0,0) 
(0,-2, 0,0, 0,0) 
(0,-2, 0,0, 0,0) 
(0,-2, 0,0, 0,0) 

(t9 t9 „c9 jc9 c9 91 

1-^3) -^4) "R2) “Ra’ ^Ri ’ '^''21 

(0,-5, 0,3, 3,0) 

('rlO rlU clO LlU clO 1U\ 

1-^3 ) -'^4 ) "R2 ; “Ra ) ^Ri ) "2 1 
('rll rll ,,cll Jcll cll ^lll 

1-^3 ) -^4 ) "R2 ; “Ra ) ^Ri ) "'2 1 
lrl2 rl2 cl2 Jcl2 cl2 12\ 

1-^3 ; -^4 ) "R2 > “Ra ’ ^Ri > "'2 1 
/rl3 rl3 ,,cl3 jcl3 cl3 .„13\ 

1-^3 ! -^4 5 "R2 ’ “Ra 5 ^Ri ’ "2 1 

(2, 0,0, 0,0,0) 

(2, 0,0, 0,0,0) 

(2, 0,0, 0,0,0) 

(2, 0,0, 0,0,0) 


Table 17: The number of generations for the representations in the “Case II'” given by Eq. fl68|l . 
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mf) 


{ml, mi, ml) 

to 

CO 

{ml,m'i,ml) 

{ml,m:i,ml) 

^ T 

\ 2 ’ 2 ’ 2 / 

(- - -) 

\ 2 ’ 2 ’ 2 / 

( 0 , 0 , 0 ) 

(-1 1 1) 

V 2 ’ 2 ’ 2 / 

(-4 1 1 ) 

\ 2 ’ 2 ’ 2 / 

(■i _i - i ) 
\ 2 ’ 2 ’ 2 / 


Table 18: The typical values of 17(1) fluxes in the “Case III'” given by Eq. The other t/(l) 
fluxes are constrained to be mg = m\ = m\ = —m\i = —m \2 = with i = 1,2, 3. 


{Qi, Q 2 , Li, L 2 , ni) 

(0,3, 0,3, 0,3,-3,3) 

(T^ r5 ,,c5 Jc5 „cb „5'i 

(2, 0,2, 0,0, 2) 

(1,0,1,0, 0,1) 

l'r6 r6 „,c6 Jc6 pC6 „6'i 

1-^3) -^45 “i?3’ ''■2J 

{Ll,Ll,u<)^^,d^^^,e%,nl) 

(r8 t8 „ c8 jc8 pC8 „8'i 

1-^3! -^45 ) ''■2J 

(0,0, 0,0, 0,0) 

(0,0, 0,0, 0,0) 

(0,0, 0,0, 0,0) 

(t9 t9 „ c9 jc9 c9 9\ 

1-^3! -^45 “R 2 ’ “i?3’ ^Ri’ "'2J 
^ r 10 r 10 „,cl0 RclO „cl0 .,^10^ 

1-^3 ! -^4 5 “R 2 ’ “R3 5 ^Ri ’ ''-2 J 

(0,-2, 0,2, 2,0) 
(0,-1, 0,1,1,0) 

irll rll ,,cll Jcll cll .,^111 

1-^3 ! -^4 5 “R 2 ’ “Rs ’ ^Ri ’ ""2 J 

lrl2 rl2 cl2 Jcl2 cl2 12\ 

1-^3 ; -^4 5 “R 2 ’ “Rs 5 ^Ri ’ 'h ) 
(t13 rl3 „,cl3 rc13 „c 13 „13'i 

1-^3 ; -^4 5 “R, 5 “R3 5 ^Ri ’ 'h ) 

(0,0, 0,0, 0,0) 

(0,0, 0,0, 0,0) 

(0,0, 0,0, 0,0) 


Table 19: The number of generations for the representations in the “Case III'” given by Eq. ([69]). 
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4 Conclusion 


In this paper, we have derived the realistic standard model gauge groups from the framework 
of SO{32) heterotic string theory on three factorizable 2-tori with magnetic fluxes. Introducing 
magnetic fluxes as well as Wilson lines into Cartan directions of SO {32) break S'O(32) to 
SU{3) X SU{2) X U{1)y and extra symmetries. These U{1) fluxes also lead to chiral fermions 
in the four dimensions if and only if the fluxes insert into all the three 2-tori. At the same time, 
the generations of chiral matters are determined by the numbers of fluxes. We have derived 
three chiral generations of quarks and leptons. Our models also include Higgs helds, which 
have Yukawa couplings to quarks and leptons at tree level. 

Possible conhgurations of magnetic fluxes are severely constrained by the massless condition 
of U{1)y hypercharge gauge boson and the consistency condition of heterotic string theory. It 
is remarkable that in general, the ten-dimensional Green-Schwarz term induces the Stueckel- 
berg couplings to multiple U{1) gauge bosons which might lead to the mass term of U{1)y 
hypercharge gauge boson. In this respect, the numbers of fluxes have been constrained by the 
massless condition of U{1)y gauge boson. Since the torus is flat, our models requires the exis¬ 
tence of heterotic hve-branes in order to satisfy the consistency conditions without introducing 
the extra Stueckelberg couplings to U{1) gauge boson, in contrast to the Eg x Eg heterotic 
string theory. At that time, the Witten anomaly cancellation constrains the number of U{1) 
fluxes due to the nature of symplectic groups on the heterotic hve-branes. In fact, the chiral 
fermions under the fundamental representation of symplectic gauge groups do not arise in the 
parts of our models, whereas the other parts of our models requires the non-trivial mechanisms 
such as U{1) huxes on heterotic hve-branes to cause even number of these chiral fermions to 
avoid the Witten anomaly. We listed supersymmetric three-generation standard models with 
massless U{1)y gauge bosons and desirable Yukawa couplings of quarks, leptons and Higgs. 
The detailed phenomenological analysis of our models such as mass matrices would be studied 
in a separate work and the detail of this paper is applicable in the framework of type I string. 

The unbroken gauge sector in our models has W = 4 supersymmetry, that is, three adjoint 
scalar helds and four types of gaugino helds. However, the existence of (anti-)heterotic hve- 
branes would lead to the breaking of (all) partial breaking of supersymmetry in our model. 
Orbifolding would be useful to reduce A/" = 4 supersymmetry to J\f = 1. Zero-mode wavefuc- 
tions have been also studied on orbifolds with magnetic huxes [28l [29] . Such extensions would 
be also interesting. 
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A Normalization of the SO{32) gauge group 


In this appendix, we show the normalization of Abelian gange gronps embedded in SO{32) 
gange gronp. (For more details, see Refs. [lOlEU|22].) First, we comment on the normalization 
abont the non-Abelian gauge groups in SO {32). The sum of each Coxeter labels associated 
with the simple roots of SO{32) are called as the Coxeter number h{g) which is related to the 
quadratic Casimir via the following relation. 


c,d 


(73) 


where h{g) = 30, with a = ,496 are the structure constants of SO{32) and 

denotes the length of the root which is normalized as two. 

The normalization of the Abelian gauge groups are estimated by the current algebra or 
Kac-Moody algebra of SO{32) which is given by 

Oh 

K.jt] = (U) 

c ^ 

where k is the level of Kac-Moody algebra and are the Laurent coefficients of the current 

1 QQ -a 

f(z) ^^ E jSrv P 5 ) 


with and {T°')ij {i = 1,2, •• • ,32) being the 32 real fermions and generators in the vector 
representation of S'0(32), respectively. N{'ip^T^-'ip^) stands for the normal ordering of the oper¬ 
ator, {'ip^T^j'ip^). When the level of Kac-Moody algebra is equal to one, we obtain the operator 
product expansion of the current 




2S‘ 


ab 


tl)‘^{z — 


' £abc 

+ —fiw), 


(76) 


and then we can extract the normalization of {T°')ij as tr(T“T^) = 26ab- 
In our model, the generators of U{l)a, Ta are normalized as 


Ti 


T2 

Ta 

T 4 

Ts 


^diag(0, 0, 0, 0,1,1, 0, 0, • • • , 0), 
^diag(l,l,l,l,0,0,0,0, ••• ,0), 


1 


:diag(l,l,l,-3,0,0,0,0,--- ,0), 


VT2 

diag(0,0,0,0,0,0,l,0,--- ,0), 
diag(0, 0, 0, 0, 0, 0, 0,1, 0, • • • ,0), 


Ti 3 = diag(0, 0, 0, 0, 0, 0, 0, 0, • • • , 1), 


(77) 
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on the basis of U{16) which is the maximal subgroup of SO{32). In general, the generators of 
U{N) can be identified as the part of SO{2N) generators. (See e.g. Ref. [23].) 


B The trace identities 

Here, we summarize the trace identities 

13 

TrF^ = 30trF^ = 60F|[/(3)^ + 60F|[/(2)i + 60 ^ /^, 

a=l 

13 

TrF^ = 30trF2 = 60^/f, 

a=l 

13 

TrFF = 30trF.F = 60 ^ fafa, 

a=l 

= (itr(r|)/| + + itr(T|)/|) tr(F|„, 3 ,) + tr(Tfl/ftr(F|„, 3 ,) 

+ 2tr(ri-)/?/? + 2 ^ tT{T‘)f^f^ 

c=4 

+ 2 {tT{T^)f^ + tT{T^T^)f^) + 4 (2tr(T2T|)/2/3 + tr(T2T|)/2) f,f, 

+ 2 {iiirD fl + tr(T|T|)/^ + 2iT{T,Tl)hh) fl 
iiFF^ = 2trTiV7/i + 2 (trT^VI + 3{tiTiTl)hfl + (trT2T|)/|) /2 

13 

+ (trT|/| + 3(trnTi)fJi + 3(trT|r|)/|/3) /s + 2 ^ trT*/®/c, (78) 

c=4 

where fa and fa denote the four-dimensional and extra-dimensional held strengths of U{l)a 
and we employ the trace identities such as 

TrF^ = 30trF^ 

TrF^ = 24trF^ + 3(trF2)^ 

TrFF^ = 24trFF^ 3(trFF)(trF^), 

TrF^F^ = 2AtTF‘^F^ + 2{tTFF)‘^ + {tTF^){tTF^), 

tvT^ = 1/2, trT^^ = 1/4, trT 3 " = 7/12, tiT^ = 1 (c = 4, • • • , 13), 

trr|T| = 1/4, trT|T3 = 0, trT2T| = -l/2\/3. (79) 
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